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$-H , Abstract. In this paper we state an analog of Calabi's conjecture proved 

^ ■ by Yau. The difference with the classical case is that we propose deforma- 

tion of the complex structure, whereas the complex Monge-Ampere equation 
describes deformation of the Kahler (symplectic) structure. 
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r*n ' 1. Conjecture 

LJ ' Celebrated Calabi's conjecture _1 proved by Yau |2; gives a criterion for a Kahler 






in 



manifold to have a vanishing Ricci curvature. It states that if the first Chern class 
of a manifold vanishes, then in a given Kahler class there exists a unique Ricci-flat 
metric. Yau proved conjecture by showing an existence of a solution for the complex 
Monge-Ampere equation. 

In this paper we state an analog of Calabi's conjecture for threefolds. We consider 
the deformation of a holomorphic volume form, whereas the Kahler form is not 
^ . deformed. We clarify our result of [3 , where the main equation is non-scalar. 

Conjecture 1.1. Let M be a compact Kahler manifold of com,plex dimension n = 3 
\^5 ' with Ci(Af) — 0. By w and fl = p + \J —\a denote Kahler form and holomorphic 

^SJ , volume form on Af respectively. Consider equation 

cn ! (*) (n - V^dd'^ipfi) a (f^ + V^dd^ipCi) = e^n a n, 

fvj . or equivalently 

{p + dd^ipa) A (cr - dd'''(pp) = e^ p A cr, 
where function F : M —>■ R is normalized so that J,, e^uj" — J, , w" . 
. , Then equation Q has unique (modulo adding a constant) solution (^9 : M — > K 

r> ■ such that 

C^ , (1) p = p + dd^Lpa is positive; 

(2) (7 = (T — dd'^ipp is negative; 

(3) p is dual to a. 

We state notions of positivity and duality for 3-forms and definition for d* op- 
erator later in the paper. Now let us restate Conjecture 1 1.11 in a form free of PDE. 

Conjecture 1.2. Let M be a compact Kahler manifold of complex dimension n — 3 
with ci(M) = 0; let uj and fl be a Kahler and holomorphic volume forms respectively. 
Then there exists a unique 17 ~ f2 such that the Kahler metric gij — ujikJ'^ is Ricci- 
flat. Here J is the complex structure determined by fl. 
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The equivalence of Coni ectures 11.11 and 11.21 follows from the following definitions 
of stable forms. The notion of a stable 3-form was introduced by Hitchin in |4l [5]. 

Definition 1.3. A real 3-form p on real 6-space V is called stable if the orbit of p 
under the natural action of GL{V) is open in K^V* . 

Any stable form canonically determines a complex structure on V . 

Definition 1.4. A real 3-form p on real symplectic 6-space is called positive if 

(1) p is stable; 

(2) p is primitive; 

(3) uj{X, JpX) ^ for any X £ V, where w is a symplectic form and Jp is the 
complex structure determined by p. 

Any positive (negative) closed 3-form is a real (imaginary) part of the holomor- 
phic volume form. 

Definition 1.5. A stable 3- form p is called dual to a stable 3-form a if 

a = Jpp. 

Since we do not deform the Kahler structure, a symplectic differential operator 
is used. 



Definition 1.6. 



d'a := (-1 



ifc+i 



*.« 



where a is a /c-form and *s is the symplectic Hodge star. The definition of *s is ob- 
tained by substituting the Riemannian metric for symplectic form in the definition 
of the usual Hodge star. 

Remark 1.7. Note that d* decreases degree of the form by one and anticommutes 
with d. There is also the dd^-lemma analogous to the dd^-lemma. Both lemmata 
hold on a Kahler manifold. See for example [6] and references therein. 

Proposition 1.8. The equation Q differs from the complex Mange-Ampere equa- 
tion. 

Proof. Suppose U is an open set of M with coordinate chart {a;*} such that w = 
dx^^ + dx^"* + dx^^ on U; then the global equation (Q is locally equivalent to the 
following equation on U 

{(p22 + (y533 + <<255)('^11 + "^44 + "^66) + ("j^ll + ^4A + Vb5){'P22 + "^33 + "^66) 
+ ("^11 + "^33 + '^66)(<y322 + H^ii + Vbb) + ("^22 + V^M + V66)i'Pll + V33 + VBb) 

- (¥'12 + ",534 + <P56)^ - (-¥'12 - ¥^34 + (y^Se)^ - (¥^12 - ¥'34 - 'fibe)'^ 

- (-¥'12 + ¥'34 - ¥'56)^ - 2 [(¥'13 - ¥'24)^ + (¥'36 + ¥'45)^ + (¥'15 - ¥'26)^ 
+ (¥'16 + ¥'25)^ + (¥'35 - ¥^46)^ + (¥^14 + ¥'23)^] = 1, 

where ipij = d^ip/dx^dx^ . 

Obviously, this equation differs from the complex Monge- Ampere equation. In 
fact, the operator of the equation coincides with a level-p Monge- Ampere operator 
considered in ffl. D 

Remark 1.9. The uniqueness of the n = 3 case is that a single stable real 3-form 
determines complex structure [11 [5] . In higher dimensions one needs a pair of real 
n-forms to determine a complex structure and therefore a pair of functions. 
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Remark 1.10. In |8j the generalized Monge-Ampere equation is defined in the sense 
of generahzed complex structures. However, for the case of the Kahler geometry it 
reduces to the usual complex Monge-Ampere equation. 

2. Mirror Kahler potential 

In paper [3] we proposed a new equation for the 3-dimensional Calabi-Yau met- 
rics and proved the solution existence theorem. 

Theorem 2.1. Let {M,uj) be a compact Kahler 3-manifold such that ci{M) = 0; 
let fl — p + ia be a holomorphic volume form on M . Then the following equation 

[p + dd'^a) A (cr + dd^'p) = e^p A a 

or equivalently 

{n + dd'ip) h{Ci + dd'ij) = e^n Afi, V = a + V^P 

has solution a,j3 £ Vl'^{M) such that 

(1) p + dd^a and a + dd^ j3 are primitive stable i-forms; 

(2) p + dd'^a is dual to a + dd'^ P in the sense of the stable forms; 

(3) real function F is normalized: Jj^j e^ p f\ a — Jj^j p A cr. 

However, the main equation of [3] is non-scalar. We relate Theorem 12.11 with 
Conjecture 11.11 by conjecturing that there exists a mirror Kahler potential. 

Conjecture 2.2. Let M be a compact Calabi-Yau 5-fold with Kahler form ui and 
holomorphic volume form ft — p + \J —\u . Then for any f2 ^ fJ there exists a 
function tp : M -^M. such that 

n = n + ^/^dd'ipVi. 

Example 2.3. Suppose C^ with a flat Hermitian metric '}2,dz^ ® dz'^\ the Kahler 
form uj = (V— 1/2) J2 '^^* ^ d.z'^ ^^'^ holomorphic volume form 51 = dz^ A dz^ A dz^. 
Then the following identities hold: 

w = dd>, n = -(\/^/3)dd> n, 

where f = J2 N*P- 

It would be interesting to establish a relationship between the classical and mirror 
Kahler potentials. 

The author would like to thank D. Alexeevsky, G. Cavalcanti and M. Verbitsky 
for useful remarks during the conference "Geometric structures on complex mani- 
folds - 2011" in Moscow. The author is grateful to I. A. Taimanov for support and 
useful remarks. 
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